(Received 1 June 2016; accepted 10 September 2016; published online 28 September 2016) Deepwater oil blowouts typically generate multiphase hybrid plumes where the total inlet buoyancy flux is set by the combined presence of gas, oil, and heat. We numerically investigate the effects of combined sources of inlet buoyancy on turbulent plume dynamics by varying the inputs of a dispersed, slipping gas phase and a non-slipping buoyant liquid phase in thermally stratified environments. The ability of a single momentum equation, multiphase model to correctly reproduce characteristic plume heights is validated for both dispersed liquid phase and pure gas bubble plumes. A hybrid case, containing buoyancy contributions from both gas and liquid phases, is also investigated. As expected, on the plume centerline, the presence of a slipping gas phase increases both the vertical location of the neutrally buoyant equilibrium height and the maximum vertical extent of the liquid effluent relative to non-bubble plumes. While producing an overall increase in the plume height, the presence of a slipping gas phase also significantly enhances both the extent and magnitude of negatively buoyant downdrafts in the outer plume region. As a result, the intrusion or trapping height, the vertical distance where liquid phase plume effluent accumulates, is found to be significantly lower in both bubble and hybrid plumes. Below the intrusion level, the simulations are compared to an integral model formulation that explicitly accounts for the effects of the gas slip velocity in the evolution of the buoyancy flux. Discrepancies in the integral model and full solutions are largest in the source vicinity region where vertical turbulent volume fluxes, necessarily neglected in the integral formulation, are significant. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4963313]
I. INTRODUCTION
Buoyant plumes are generated by density defects typically produced by gradients of temperature or salinity or by the injection of a lighter secondary phase. Quantifying the mixing properties of plumes is essential in a variety of industrial and geophysical applications. In particular, we are interested in improving our understanding of the turbulent transport of pollutants in the extreme case of deepwater oil blowouts such as the 2010 Deepwater Horizon (DwH) incident. 1 Blowout plumes are distinguished by extremely large inlet buoyancy fluxes and turbulent dynamics complicated by a host of physico-chemical processes associated with both the ambient conditions at the sea floor and the complex multi-phase nature of the hot effluent. 2 In such plumes, driven by multiple sources of buoyancy at the inlet, determining how much of the effluent reaches the surface and the distribution a) Email: alex.fabregat@csi.cuny.edu
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Phys. Fluids 28, 095109 (2016) of pollutant constituents within the water column is of primary importance for remediation and response efforts. The simplest turbulent plume configuration, a point source of Boussinesq temperature-driven buoyancy anomaly evolving in a uniform environment, was first analyzed by Schmidt 3 and Zeldovich. 4 Using mixing length arguments and self-similar profiles of vertical velocity and temperature, they derived the well-known, experimentally validated, scaling laws governing the vertical decay rates of momentum and buoyancy flux. 5, 6 By relating the turbulent radial volume flux at the plume interface to the characteristic vertical velocity via a simple entrainment coefficient, 7 Morton et al. 8 derived explicit equations for the vertical evolution of integrated volume, momentum, and buoyancy fluxes for self-similar plumes. Provided with experimentally determined values of a constant entrainment coefficient, integral models have been used to predict mean profiles of fluxes in both uniform and stably stratified environments, in the latter case for the region below the main lateral intrusion level where self-similarity necessarily fails. 9 The coherent motions in the plume top region, unattainable using integral solutions, have been studied with negatively buoyant fountain models. 10 Integral model approaches have been extended to a variety of more complex situations including multiphase plumes generated by the injection of gas bubbles, [11] [12] [13] buoyancy-reversing volcanic plumes, 14, 15 or plumes with chemical reactions. 16 In the bubble plume case, the gas phase is characterized by an additional velocity scale, namely, the slip velocity of the bubbles relative to the liquid phase. 17 The distinct dynamics of bubble plumes are typically modeled adding two additional experimental parameters to the momentum flux equation: the momentum amplification factor modeling the increase in turbulence in the presence of bubbles and the non-unitary ratio of bubble to momentum plume widths due to the slip. [18] [19] [20] [21] Under stratification, a single phase plume grows in the vertical driven by the buoyancy flux as it entrains fluid from the surroundings. Eventually the plume reaches the neutral buoyancy level but continues to grow due to inertial effects transitioning into a fountain where the "too dense" fluid detrains and falls back generating an outer ring of downdrafts. The single phase plume therefore is constrained below this maximum height and the constant inflow at the inlet is balanced by the horizontal transport across the intrusion. In contrast, buoyancy carried by gas bubbles constantly escapes from the carrier phase, eventually destratifying the entire water column within the plume region. Primary differences with respect to the single phase case occur in the inertial overshoot region where the carrier fluid is locally too dense and falls or "peels" from the bubble plume forming the intrusion level. Above the primary trapping height, the process may repeat creating secondary intrusions as shown in the experiments 17, 22 that were also used to analyze the dependence of the overall plume topology on the slip velocity. For moderate values of the slip velocity, the results suggest that while the peeling height increases as the bubbles slip faster, the trapping height dependency is weak. The results, however, are characterized by a large amount of scatter. 23 On the modelling side, double plume approaches have been proposed to extend the concepts of the integral model to bubble plumes in stratified environments. 17, [24] [25] [26] The bubble plume is typically decomposed into an upward bubbly core and an outer ring of downdrafts that represents the detraining ("peeling") fluid. Solutions are only obtained after estimating entrainment fluxes between these idealized regions and the quiescent environment.
The goal in this paper is to use turbulence resolving numerical simulations to analyze the turbulent mixing of multiphase plumes in an effort to advance modelling and parameterization of more realistic deepwater blowouts containing multiple buoyancy sources at the well-head. While gas bubble plumes have been the focus of a considerable amount of theoretical and experimental effort both in uniform 13, 18, 21, 27, 28 and stratified environments, 17, [22] [23] [24] [25] [26] [29] [30] [31] [32] less attention has been given to the dynamics of hybrid bubble plumes driven by the combined effects of a mixture of inlet gas and buoyant liquid. To this end, in addition to the gas phase, we also consider a discrete, non-slipping secondary liquid phase lighter than the ambient fluid. We take the liberty of referring to this dispersed, non-slipping secondary liquid phase, very loosely, as "oil." Compared to a single-phase case where local density may depend, for instance, on both salinity and temperature, the two-liquid system is differentiated by the differences in the thermodynamic properties of the phases retained in mixture equation of state. When the two fluids are distinguished only by modest differences in density through (here temperature independent) thermal expansion coefficients, the effects of the resulting quadratic non-linearity are found to be minimal. Under the highly idealized assumption that there is no relative motion between the liquid phases, releasing "oil" in the present formulation is therefore equivalent to releasing fresh water into a uniformly saline, thermally stratified brine.
Here we fix the total buoyancy flux and quantify the changes in characteristic plume heights and turbulent mixing produced by varying the fractional contributions of gas and liquid buoyancy sources. The cases studied include plumes produced by injecting only gas bubbles, only a lighter liquid phase and a hybrid case involving both buoyancy components. The plumes evolve in a thermally stratified environment with constant temperature gradient. Section II describes the single momentum equation multiphase model used and also provides a derivation of the corresponding integral model, explicitly accounting for the gas slip velocity. Section III presents the numerical experiments conducted along with details on the boundary conditions and the numerical solver used to solve the model equations. Results are presented in Section IV which includes a validation of the simplified multiphase model against isothermal bubble plume experiments and comparisons between the full simulations and the derived integral model. Conclusions are presented in Section V.
II. MODEL EQUATIONS

A. Gas-bubble plume model
For computational purposes, we consider a standard Eulerian-Eulerian, Boussinesq model for multiphase plumes. As explained in detail in the work of Fabregat et al., 20 the main assumptions in the current model are as follows: (i) Boussinesq conditions (density variations appear only in the buoyancy term), (ii) bubbles carry a negligible amount of momentum compared to the liquid phase, 33 and (iii) the slip velocity of the gas phase is constant. 33, 34 The Boussinesq assumption constrains the model to dilute bubble plumes with small gas volume fractions.
The mass conservation equation for a phase k can be written as
wheret is time and ρ k , α k , andũ k = (ũ,ṽ,w) k are density, volume fraction, and Cartesian velocity field for the phase k, respectively (˜denotes dimensional quantities). The assumption of continuous phase distributions is implicit in Eq. (1) . Similarly, the momentum conservation equation for phase k reads
wherep is pressure, taken to be equal in each phase. 35 ∇ · α k  τ k are the molecular and turbulent diffusive terms for phase k, g = −9.8 m s −2 is the gravity acceleration acting in the vertical direction aligned with coordinate z, and D/Dt = ∂/∂t +ũ · ∇.  M k accounts for the momentum transfer between phases and we require
i.e., phase interactions within the fluid do not affect the bulk momentum. We consider here that there are only two discrete phases, a liquid carrier phase (l) and a gas bubbles phase (b), so that  M l = −  M b and α b + α l = 1. The gas phase density ρ b is assumed to be constant and much smaller than that of the liquid phase. In addition, we assume that the maximum values of gas volume fraction, found at the source, are small enough to satisfy the Boussinesq approximation. 33, 36 With these assumptions the liquid phase mass conservation equation reduces to
The liquid carrier phase momentum is obtained by summing the momentum equations for both phases (see Ref. 20 for details). Neglecting the gas phase contribution given the vanishing density ratio relative to the liquid yields
where ρ w is a reference state value and the local density, assuming small values of gas volume fraction
The mass conservation of gas can be written as
where the gas phase velocity can be decomposed intoũ b =ũ l +ũ s +ũ d , whereũ s is the slip velocity andũ d is the drift velocity. 37 In agreement with experiments, 38 numerical simulations, 34 and DwH estimations, 32 the slip velocity has been assumed to have only a constant vertical component, i.e.,ũ s = (0, 0,w s ). 20 In this work, the bubble model was intended to be kept as simple as possible and no parametrization for additional turbulent transport has been used. 33, 36 Interactions between bubbles and the influence of the liquid phase turbulence are usually accounted for using the drift velocity. With a simple model forũ d , the gas phase velocity reduces tõ
where D b is taken to be a constant diffusivity coefficient. The mass conservation for the gas phase in Eq. (6) then yields
In order to close the system, it is necessary to define an equation of state for the local liquid density ρ l . We model here the oil as a miscible, idealized dispersed phase with a reference density ρ o only slightly lower than that of the water such that ς = (ρ w − ρ o )/ρ w = 0.2. As such, defining β as the oil volume fraction, the liquid density can be written as
where the thermal expansion coefficients for water and oil are γ w = 2 · 10
respectively and  T r is the reference state value. The system is closed with two additional equations for the temperature  T and scalar β,
where D θ and D o are assumed constant.
B. Mixture model
The equation of state for the liquid phase Eq. (9) is analogous to that used in the mixture model 39 for a two liquid-liquid component system with moderate density differences. In this approach the mixture density and velocity can be written as
whereũ o andũ w are the oil and water liquid phase velocities. Substituting the mixture definitions above in the conservation equations (1) and (2) and assuming the Boussinesq approximation yields 36 ∇ ·ũ m = 0 (14) and
whereũ r =ũ o −ũ w is the relative velocity of the oil and water phases. If the oil moves with the carrier phase,ũ r ≈ 0, Eqs. (15) and (5) are equivalent except for the specific form of the equation of state and the interpretation of the Fickian diffusion in Eq. (11).
C. Non-dimensional equations
The background environment is thermally stratified with a constant slope ζ. The temperature can be decomposed into  T(x,t) =θ(x,t) +  T r + ζz, whereθ(x,t) is the disturbance with respect to the unperturbed environment with temperature  T e (z) =  T r + ζz and density
The corresponding buoyancy frequency N is then
The system of transport equations (4), (5), (8), (10) , and (11) are non-dimensionalized using the usual scales for stratified plumes, namely,
/(gγ w ) for velocity, time, length, pressure and temperature respectively. The inlet buoyancy flux B 0 is defined as
where  Q is the volume flux,
/4 is the cross section area of a circular source of diameter  D, the parameter ξ = (ρ o γ o − ρ w γ w )/(ρ w γ w ) accounts for differences in the thermal expansion coefficient between oil and water, and  w 0 ,  T 0 ≡θ 0 , α b,0 , β 0 , and b 0 are the inlet liquid phase velocity, temperature, gas volume fraction, oil volume fraction, and total density defect term respectively.
Note that the density perturbation, written as
includes the non-linear term, ξ βγ w (θ + ζz). A second non-linear term, ςα β, has been neglected due to the very small values of gas volume fraction assumed. The final non-dimensional system of partial differential equations reads
where the non-dimensional groups are the Reynolds number Re
, and the non-dimensional slip velocity U N = w s /U 0 . Given the negligible diffusive transport 20 and neglecting any double diffusion effects, we set the kinematic viscosity and diffusivity for each scalar m to be ν = D m = 10 −6 m 2 s −1 . Non-dimensional coordinates, time, velocity, pressure, and temperature are represented by x = (x, y, z), t, u, p, and T (or θ for the perturbation) respectively. The subindex l for the liquid phase has been dropped for clarity.
The system in Eqs. (19)- (23) contains Equations (21)- (23) for the three scalars that set the three possible buoyancy sources associated with temperature (θ), gas volume fraction (α b ), and/or oil volume fraction ( β). The three equations differ in their right hand side terms where the action of the slipping gas is accounted for in Eq. (22) whereas the effect of the stratification appears only in Eq. (21).
D. Integral models
In order to obtain a solvable set of equations, in the derivation of the classical integral model it is assumed, in addition to the Boussinesq approximation, that (i) the rate of entrainment into the plume is proportional to some characteristic vertical velocity at a given height and (ii) the profiles of mean vertical velocity and buoyancy force in horizontal sections are self-similar in the vertical.
The non-dimensional mean volume (Q), momentum (M), and buoyancy (B) fluxes are
where the buoyancy flux B has been split into three different possible buoyancy sources, namely, thermal (B T ), due to the presence of an oil phase (B o ), or a gas phase (B b ). Assuming Gaussian, self-similar profiles, the mean vertical velocity, and scalar fields can be written as
where the "hat" symbol denotes the mean centerline value and λ T , λ o , and λ b are the ratios of the each scalar plume width to that of the momentum plume b(z).
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Integrating the time averaged, axisymmetric, and non-dimensional forms of the transport equations (19)- (23) in the radial direction and neglecting the diffusive terms yields 
where the entrainment coefficient α has been used to relate the characteristic vertical velocity ⟨ŵ⟩ of a plume of width b to the entraining velocity in the radial direction ⟨u⟩ using (r⟨u⟩)| ∞ = −αb⟨ŵ⟩. In Eqs. (31)- (35) the radial turbulent flux terms are absent by construction. Using standard scaling of the mean radial momentum equation, 5, 6 the mean vertical pressure gradient has been approximated as −∂⟨p⟩/∂z ≈ ∂⟨u ′2 ⟩/∂z. A momentum amplification factor γ M has also been included to account for differences between the total momentum flux and the momentum flux carried by the resolved, mean flow. While in single phase plumes, this value is close to the unity, γ M may take values up to 2.8 for bubble plumes [19] [20] [21] reflecting increased turbulence in the presence of gas bubbles. Notably, the λ i parameters modeling differences in spreading rates between momentum and scalar plumes appear only in the integral momentum flux equation, and only because it is necessary to express the buoyancy acceleration in terms of the known quantities Q, M and B. In the derivation of Eqs. (31)- (35) the radial integral of the thermal buoyancy term has been expressed in terms of the integral fluxes as 2π
and in a similar way, the buoyancy term due to the presence of gas yields 2πRi
The system in Eqs. (31)- (35) is open due to the turbulent flux terms in the vertical in Eqs. (32)-(35) and the term explicitly depending on the gas volume fraction α b in Eq. (35) . In the classical derivation, the turbulent vertical flux terms are assumed negligible and dropped. The system can then be closed by relating the gas volume fraction α b to known quantities. This can be done by using an appropriate equation of state usually approximated via the ideal gas law and hydrostatic conditions 18, 21, 30 or assuming negligible effects due to the relatively small value of the slip velocity. 43 Alternately, gas-slip terms in the integral solution of the governing model can be closed directly using Eq. (37) giving 
Notably, the non-dimensional group B λ Q 2 M −5/2 has been used to characterize the nature of a plume based on the relative importance of the volume, momentum, and buoyancy fluxes at the source. Defining the source parameter Γ as
the plumes can be classified as lazy (Γ > 1) when there is a deficit in the momentum when compared to the pure plumes (Γ = 1) or forced (Γ < 1) otherwise. 44, 45 Using Eq. (44), the equation for the vertical evolution of the buoyancy flux due to the presence of gas can be rewritten as
In the absence of gas (setting γ M ≈ 1), the previous system of equations can be simplified further yielding
where the total buoyancy flux is simply the sum of the individual contributions, B = B T + B o , and
This solution is identical to that derived by Morton et al. 8 for a thermal plume in both uniform and linearly stratified backgrounds.
III. NUMERICS
A. Setup
The model presented in Sec. II is used to study the differences between plumes generated by varying the distinct contributions to the inlet buoyancy flux B 0 . This is achieved by considering three different cases summarized in Table I . The only difference between these plumes is the relative contribution to B 0 from each source: oil (
, and w 0 = 1.5 are kept the same in all experiments. The parameter space defined by these values is close to typical experimental conditions. 23 In dimensional units, this configuration corresponds to a tank of 2.6 m height with a source of 8 cm in diameter and a total temperature gradient due to stratification of 13. 6 suggesting that the transition from jet to buoyant plume occurs relatively close to the source.
The set of cases in Table I include plumes in which B 0 is entirely due to the presence of oil (case O) or gas bubbles (case B), and a hybrid plume (case H) in which B 0 is set by a combination of both forcings.
Cases B and H correspond to bubble plumes where the non-dimensional slip velocity has been set to U N = 0.6. This choice is close to the value used in Ref. 20 * plume where the liquid phase peeling flow is strong enough to distort the rising bubbles, resulting in an appreciable widening of an inner gas phase plume and the presence of a distinct primary intrusion level.
B. Domain and boundary conditions
The computational domain consists of a cylinder of diameter
The domain is decomposed into K = 7540 spectral elements arranged in 20 vertical slabs of 377 elements (see a slice of the conforming element mesh in Fig. 1 ). Within each element, the solution is approximated with an N = 14th order Legendre expansion resulting in a total of K × (N + 1) 3 ≈ 25 × 10 6 degrees of freedom. Contrary to experiments, necessarily conducted in finite size tanks, numerical solutions allow a semi-infinite domain in the horizontal which (i) avoids the filling problem due to the accumulation of scalars in the tank, (ii) permits the establishment of fully developed flow conditions and converged time averages in the numerical domain, and (iii) more closely mimics the conditions of an environmental release. Numerically this is achieved via outflow boundary conditions on the lateral walls for the momentum equation and Dirichlet zero for the scalars (θ, α b , and β) mimicking far field conditions. In order to ensure numerical stability, the open boundaries are combined with sponge regions 46 in the radial direction where the local Reynolds and Péclet numbers are decreased to damp momentum and scalar perturbations arriving at the lateral boundaries. The top boundary is no-shear for the momentum and zero derivative for the scalars while constant Dirichlet boundary conditions are imposed on the bottom at the plume source. Tests conducted for rotating plumes at large Rossby numbers (Ro = 40) show that solutions are independent of the radial extent when R varies from 5 to 8. 47 To facilitate the transition to turbulence in the vicinity of the source, a 5% amplitude noise was added to the vertical velocity. 9, 48, 49 This small forcing was applied over a cylindrical volume with a radius equal to that of the source and a height equivalent to H/40. 
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The first panel of Fig. 1 shows the extent of the complete domain as a semitransparent volume. The inner cylinder corresponds to the region of interest with the outer ring corresponding to the extent of the numerical sponge. An isosurface of β for case O is used to visualize the trapping height topology. The second panel shows an isosurface of the gas volume fraction α b for case B extending across the water column. Both isosurfaces correspond to mean fields obtained by time averaging over ∆t ≈ 25 time units. The third panel shows an instantaneous snapshot of w (left half) and θ (right half) for the bubble plume (case B). A slice of the spectral element grid used in all computations is given at the bottom of each figure.
C. Numerical solver
The transport equations (19)- (23) are solved using the Spectral Element Method (SEM) code Nek5000. 50 This code has been validated for a wide range of flow configurations and has demonstrated excellent scalability on parallel machines, thus allowing explicit resolution of a broad range of spatial and temporal scales. SEM overcomes the geometric and boundary condition restrictions imposed by standard fully spectral methods and allows for high-order solutions on complex grids. 51 Instead of explicitly modelling subgrid scales (SGS) via available Smagorinsky eddy diffusivity models, 52, 53 we use the spectral vanishing viscosity technique 54 and progressively filter the near-grid scale coefficients in the spectral polynomial expansion. 51, 55 This is equivalent to selectively reducing the nominal Reynolds and Péclet numbers at near-grid scales. A 5% polynomial filtering of the two highest modes in the 14th order Legendre expansion has been used for all the fields. The procedure ensures numerical stability and preserves the exponential convergence of the solver while avoiding the computational cost associated with computing the SGS terms. Examples of this procedure for fully developed channel configurations has shown excellent agreement with Direct Numerical Simulations (DNS), relative insensitivity to the specific form of the filter, and overall computational efficiency. 56 Fig . 2 shows the power spectrum for the vertical velocity w at (r, z) = (0, 4) for case B. The peak corresponds to the effective nondimensional buoyancy frequency slightly larger than that of the nominal value ∼1 due to the destratification generated by the turbulent plume. The inertial range, characterized by a −5/3 slope decay, is seen to span approximately one decade in frequency.
D. Averaging
The volume integral of the temperature perturbation θ and oil volume fraction β (with a negative sign for clarity) are shown in Fig. 3 time required to achieve statistically steady conditions is reduced. This difference is due to the shorter transient imposed by the slipping bubbles that span the first 16 time units corresponding to the average time required by the bubbles to leave the domain through the top boundary as shown in Fig. 3(b) . The required integration time to achieve dynamically steady conditions is much longer when the oil is added (see dashed lines in Fig. 3(a) ). Unlike the bubbles, this scalar does not slip but instead accumulates in the domain during the formation of the lateral intrusion. The lighter oil is trapped once the temperature of the liquid phase is low enough to reach a neutral buoyancy level. Consequently the oil plumes exhibit a cold intrusion with the lowest terminal values of the volume integral of θ ( Fig. 3(a) ) corresponding to the largest inlet oil volume fraction. The time scale imposed by the stratification is clearly observed in the perturbation temperature signal in Fig. 3(a) . The continuous overshoot/downdraft generates gravity waves with frequencies close to that of the (non-dimensional) buoyancy frequency f ≈ 1.
The pure bubble plume is characterized by the largest overshoots generated by the escaping secondary phase leading to the largest amplitudes in the volume integral of θ. This time scale is not observed in Fig. 3(b) due to the slipping nature of the bubbles. Given that Eq. (22) is homogeneous in α b , the curves for the gas volume fraction in Fig. 3(b) collapse when scaled by their corresponding inlet values.
The integral metrics in Fig. 3 were used to determine the establishment of statistically stationary regimes. Once these conditions were reached (t ≈ 150 for case O and t ≈ 250 for the rest), Eulerian temporal averages interpolated on a (n r × n z ) = (200 × 100) uniform grid in the radial and vertical direction spanning over r = [0, 2.5] and z = [0, 10] were collected over times spans ∆t ≈ 100. Additionally, we take advantage of the axisymmetric nature of the plume to increase the sampling by averaging in the azimuthal coordinate φ = tan −1 ( y/x). Using cylindrical coordinates where the radial velocity is defined as u r (r, φ, z) = cos(φ)u(x, y, z) + sin(φ)v(x, y, z), the average of any quantity ψ is given by 
IV. RESULTS
A. Validation: Bubble plumes
The model presented in Section II is validated by comparing the numerical results with the isothermal bubble plume experiments reported in Ref. 23 where, by considering bubbles with different slip velocities, plumes were classified according to the topological types originally described by Asaeda and Imberger. 17 Type 1 * plumes, with relatively small values of U N , produce a clearly differentiated lateral intrusion layer at the first peeling height. When the gas bubbles move slowly enough with respect to the liquid phase, the peeling downdrafts significantly perturb the gas volume fraction field resulting in the widest bubble plumes. As the slip velocity increases, plumes transition to Type 2 characterized by significantly narrower gas-phase plumes at all heights. Concentration of the bubble-plume allows the generation of distinct, secondary intrusions. Type 3 plumes are generated by even larger slip velocities where, instead of isolated trapping heights, the plume exhibits a collection of overlapping intrusions and a very narrow bubble plume.
Following the approach used in experiments, liquid-phase intrusion levels are visualized by injecting a non-slipping passive tracer along with the gas phase at the source. Figure 4 shows direct comparisons of the numerical model with experimental images for values of non-dimensional slip velocity U N = (1.5, 2.2, 4.7) corresponding to Type 1 * , 2, and 3 plumes. The experimental results (right column) show instantaneous contours of the passive scalar and the bubble fields simultaneously. For clarity, volume renderings of the two fields are shown separately for the numerical results: passive dye field in blue (left column) and gas volume fraction in black (central column).
The evolution with increasing slip velocity of the overall model plume topology is in very good agreement with the experimental results. As reported in Ref. 20 quantitative numerical predictions of entrainment coefficients, momentum amplification factors and bubble/momentum plume width ratios are also in agreement with experiments. Although analogous to the cases in Table I , the plumes in Ref. 20 were generated by values of B 0 , four orders of magnitude larger than the current ones, resulting in plumes barely affected by the stratification across the computational domain.
B. Characteristic vertical plume scales
In stratified environments, plume shape and extent can be characterized using several vertical length scales shown schematically for single phase and bubble plumes in Fig. 5 . As a turbulent plume evolves in the vertical, it entrains ambient fluid. Turbulent mixing erases the density defect reducing the buoyancy flux. The equilibrium height z eq is defined as the distance from the source where the centerline (axial) reduced gravity (or density perturbation with respect the background) vanishes, i.e., ⟨ĝ ′ ⟩(z = z eq ) = 0. 8 Due to inertia, the plume core continues to rise above the equilibrium height, and the positively buoyant plume transitions into a negatively buoyant fountain. In a gas-free case, the plume is eventually brought to rest at the maximum vertical rise level, z max , defined as the distance where the centerline mean vertical velocity vanishes ⟨ŵ⟩(z = z max ) = 0. some height in the absence of gas, bubble plumes (cases B and H) continue to destratify the background flow generating additional entrainment/detrainment regions associated with the formation of secondary intrusions (see Fig. 4 ). Although the mean centerline velocity does not vanish at any height, it does reach a local minimum. We define z max to be the location of the first minimum of ⟨ŵ⟩ in bubble and hybrid plumes. This location corresponds to the peeling height h P defined as the location where core plume fluid first detrains, or peels, and starts to descend. 26 In a stably stratified environment, the plume is also characterized by the height where neutrally buoyant fluid accumulates and is transported in the horizontal. For definitiveness, we define this lateral intrusion level or trapping height, z th , as the vertical location where the trapped scalar in the lateral intrusion exhibits its far field peak value, i.e., ⟨ β⟩(r = 2.5, z = z th ) = max(⟨ β⟩(r = 2.5, z)). At r = 2.5 ≈ 17R, the radial gradients are negligible and profiles at this radial location are assumed to represent far field conditions. Evaluated on the axis and in the far horizontal field, respectively, z eq and z th exhibit significant differences. 9 Using the mixture model, the equation of state Eq. (18) for a liquid phase with two components with negligible relative velocity and temperature-dependent densities has a non-linear term. The effects of this non-linearity are analyzed here by comparing the pure oil case with an identical plume only distinguished by a linear version of this equation of state, i.e.,
Radial profiles of ⟨ β⟩ and ⟨w⟩ at several vertical locations using the equation of state Eq. (18) (solid) and Eq. (51) (dashed) are shown in Fig. 6 . The results indicate that the non-linear contribution is marginal and has negligible effects on mean fields. This implies that the plume driven by a non-slipping oil phase is analogous to a single phase buoyant plume in a stratified environment. In other words, instead of the volume fraction of a discrete, non-slipping liquid phase, one may consider β, an additional active scalar in a linear equation of state for a single liquid component, for example, salinity in a salinity-temperature system with ς representing the corresponding thermal expansion coefficient. The negligible effects of the non-linear term allows for direct comparison of case O and other studies on single-phase buoyant plume in stratified environments. Experiments typically consist in injecting fresh water into a salinity stratified background 8, 57 but thermally driven plumes have also been studied experimentally 58 and numerically. 9 Table II compares the current results with other buoyant plume studies revealing good agreement in terms of the characteristic plume rise location z max , especially in comparison to the numerical study by Devenish et al. 9 Morton et al. 8 and Richards et al. 57 do not distinguish between z eq and z th and use the lateral intrusion height to determine the neutral buoyancy level. As such, the corresponding results are placed under the z eq column in Table II . While the results for z eq show good agreement with both the experiments by Richards et al. 57 and the numerical simulation by Devenish et al., 9 the experiments by Morton et al. 8 seem to overpredict the lateral intrusion height. Similarly, results for the ratio z eq /z max , in excellent agreement with the work of Richards et al. and Devenish et al., differ significantly from those reported by Morton et al. These discrepancies may be due to the modest radial extent of the experimental tank that necessarily limits the duration of the experiment as the dye accumulates and also may lead to the establishment of boundary-generated recirculations.
In what follows, we will be particularly interested in changes in the dynamics within the inertial overshoot region. The ratio of conditioned upward and downward volume fluxes computed in the z max horizontal plane can be used to characterize the entrainment at the plume top. This ratio, Q u p /Q down = 0.27, computed for the single phase plume, compares very well with the value 0.25 reported in the work of Devenish et al. 9 Agreement has also been found for the location of the maximum radial extent of the negatively buoyant fountain at z/z eq ≈ 1.2. The presence of gas bubbles alters the plume topology and modifies the values of the characteristic heights. 22 The conservation equation for ρ ′ , obtained by adding the buoyancy-normalized scalar equations in Eqs. (21)- (23) (diffusive terms omitted),
indicates that, for similar values of vertical velocity, the negative vertical gradient of gas volume fraction reduces the vertical decay rate of ρ ′ along the axis. In effect, and as shown in Table III , the axial characteristic heights z eq and z max increase as the amount of bubbles grows. In comparison to the single phase case, the vertical extent of the pure bubble plume increases by 10%. Increasing the buoyancy flux carried by the gas phase, however, reduces the height of the main lateral intrusion measured by z th . While both the pure bubble and hybrid plumes are taller than the gas-free case for on-axis measures, the increase in height of the inertial overshoot region leads to a decrease in the location of the lateral intrusion. The presence of gas increases the potential energy of the peeling fluid which, in turn, reinforces the downdraft recirculation in the outer plume region.
The characteristic heights in Table III and the mean fields of temperature ⟨T⟩ (top panels) and ⟨ β⟩/ β 0 (bottom) are shown in Fig. 7 for the three cases. The thick horizontal black lines indicate the locations of z th (solid), z eq (dashed) and z max (dotted). The thin black lines correspond to the z eq and z max results by Morton et al. 8 and the white dashed line indicates the average z th value for U N = 0.6 as reported by Socolofsky and Adams. 23 The mean temperature fields show the increase in the vertical extent of the signature as the amount of gas in the system grows. The dependence of the penetration height on the amount of bubbles is very similar to that observed in z max . In comparison to the single phase case, this characteristic height values grow by 3% and 10% for cases H and B respectively (see Table III ). In the oil case, ⟨T⟩ is locally "cold" in the lateral intrusion where the accumulation of positively buoyant β must be offset by a negative thermal signature to maintain a neutral buoyancy level. In the hybrid case in Fig. 7(H-1) , with half the amount of β at the inlet, the intensity of this cold intrusion weakens. In the pure bubble case in Fig. 7(B-1) where β represents a passive scalar, the vertical profiles of ⟨T⟩ at any r location grow monotonically.
Mean ⟨ β⟩/ β 0 fields, shown in the bottom panels of Fig. 7 , indicate the shape and extent of the lateral intrusion levels. In comparison the single phase plume, z th decreases by 16% and 22% in cases H and B respectively. The intrusion levels in the bubble cases are also considerably thicker suggesting changes in the turbulent mixing in the presence of gas extend well beyond the bubble core region. Secondary intrusions above z max intensify and their vertical location (1.06z max and 1.08z max in cases H and B respectively) increases with the amount of gas.
These secondary intrusions in the hybrid and bubble plumes are the result of first order effects due to the gas-phase slip velocity. The gas-free case, with no explicit slip, also produces a weak secondary intrusion in the active scalar field shown in Fig. 7(O-2) As explained below, this weaker secondary intrusion of the scalar fields is due to differences in the vertical turbulent flux of the temperature and β fields in the presence of ambient thermal stratification.
The effects of the presence of a gas phase on the mean three-dimensional plume structure are shown in Fig. 8 . The two isosurfaces in the top panels correspond to mean vertical velocities ⟨w⟩ = −0.15 (blue) and ⟨w⟩ = 0.1 (red) for cases O (left), H (center) and B (right) respectively
FIG. 7.
Top: mean temperature ⟨T ⟩ for a pure oil (left), hybrid (center), and pure bubble (right) plume. Bottom: normalized mean scalar ⟨β⟩/β 0 . The characteristics heights z th , z eq , and z max are represented by horizontal thick solid, dashed, and dotted lines respectively. Black thin lines correspond to z eq and z max as reported by Morton et al. 8 and the white dashed line corresponds to the average value for the U N = 0.6 cases in the work of Socolofsky and Adams. 23 obtained by averaging over a time period ∆t ≈ 25. The two isosurfaces in the bottom panels correspond to mean radial velocities ⟨u r ⟩ = −0.07 (blue) and ⟨u r ⟩ = 0.1 (red) for the three plumes. Fig. 8(o-1) shows the inner core of the single phase plume (in red), the outer ring of downdrafts (in blue) and a weak second ring of updrafts associated to the presence of gravity waves (in red). The vertical location of this feature at z/z eq = 1.08 agrees well with the value found by Devenish et al. at z/z eq = 1.11. In the single-phase plume where the total buoyancy readily mixes with the environment, ambient stratification strongly constrains the vertical height of the plume. The addition of a slipping gas-phase buoyancy source produces regions of appreciable vertical velocity across the entire water column. The most prominent effect of the increased potential energy due to gas is the change in the intensity and size of the downdraft, negative vertical velocity, regions at the primary plume top (upper panels of Fig. 8 ). As shown in the lower panels of the figure, the larger downdrafts generate significantly stronger entrainment above z eq and smaller mean axial velocities at the intrusion level. The net result, for both the hybrid and pure bubble plumes, is a lower and thicker intrusion layer.
The increased size and extent of the primary downdrafts produced by plumes with slipping buoyancy contributions are quantified by vertical profiles of ⟨w⟩ at two radial locations (Fig. 9) . At r = 0.6 (solid), where the downdrafts are the most intense, the regions where ⟨w⟩ < 0 are considerably larger for bubble and hybrid plumes although the maximum value of downwards velocity is smaller than in the single phase case. Unlike the single phase case which shows a small signature of positive vertical velocity in the beginning of the intrusion layer, the region of appreciable downdraft velocity extends beyond r = 1.25 in both bubble plumes (dashed lines). The intensified downdraft and entrainment velocities observed in hybrid and bubble plumes significantly modify the turbulence in the inertial overshoot region between z eq and z max . Vertical profiles of turbulent kinetic energy,
evaluated at the plume centerline are plotted in Fig. 10(a) . Below the equilibrium level, both the hybrid and bubble plumes show modest increases in ⟨k⟩ over the single-phase case. As shown in Ref. 20 for very weak stratification, the gas slip-velocity results in larger turbulent shear production and increased turbulence. Differences between the single and multi-phase cases are more pronounced in the plume top where TKE is nearly two times larger in both the bubble and hybrid plumes compared to the single-phase case. Increased turbulent mixing in this region is responsible   FIG. 9 . Vertical velocity at r = 0.6 (solid) and r = 1.25 (dashed).
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Fabregat Tomàs et al. for the reduction in the extent of the inertial overshoot, z max − z eq , observed for cases O and H. Similar increases in turbulence levels also occur in the formation of the lateral intrusion layers as shown by the vertical profiles of TKE evaluated at r = 1 in Fig. 10(b) . Turbulent transport at the very top of the plume is also responsible for the secondary intrusion observed in the ⟨ β⟩ and −⟨θ⟩ fields for the gas-free plume with both thermal and "oil" buoyancy contributions. As shown in Fig. 11(a) , near z max , mean vertical gradients of the two active scalars have opposite signs; ∂⟨ β⟩/∂z < 0 and ∂⟨θ⟩/∂z > 0. Since the mean flow vanishes in this region, turbulent fluxes dominate the local transport. Standard mixing length estimates, with Fig. 11(b) . The net positive vertical flux of β, accompanied by a (negative) flux of θ, leads to a turbulence-driven secondary intrusion of cold "oil" above z max .
C. Comparison with integral model
Given the computational expense of the turbulence resolving simulations, we would like to assess how well standard integral model formulations, explicitly derived from the simulated equation set in Sec. II D, compare to fluxes computed from the full model solutions. The vertical evolution of the area averaged volume Q, momentum M, and buoyancy B fluxes for the three plumes are shown in Fig. 12 . Notably, below the equilibrium height where the self-similarity assumptions of standard integral models are expected to hold, profiles of both Q and M are very similar in the three cases. Although the bubble and hybrid plumes are taller on the axis, the increased peeling in the presence of gas bubbles significantly lowers the location and value of the maximum volume flux for cases O and H compared to the single-phase case. As shown in Fig. 12(c) , larger differences between the three cases occur in the evolution of the buoyancy fluxes. As expected, the gas-phase slip velocity produces an initial increase in the buoyancy flux in the bubble cases. This increase is largest in the pure bubble case where all the initial buoyancy is concentrated in the gas. However, in the self-similar region, the vertical decay rate of buoyancy, Solution of the integral model given by Eqs. (38)- (42) requires information on the entrainment coefficient, α, the momentum amplification factor, γ, and the individual plume width ratios, λ i . For demonstration purposes, we chose available values of the entrainment coefficient ranging from α = 0.093 8 for the single-phase case to 0.055 for the pure bubble case. 17, 26 Corresponding values of the momentum amplification factor values are set to γ M = 1.1 and 1.2 and the scalar-to-momentum plume widths ratios are λ o = 1.1, λ T = 1.1, and λ b = 0.8. For the hybrid case, the values of entrainment coefficient and momentum amplification factor are the average between the two pure cases. Integral model results for the individual fluxes in each are shown by dashed lines in Fig. 12 .
Given the close agreement between the values of Q and M computed from the full model simulation for all three cases and the integral model results for the volume flux, the best fit value of α corresponds to the hybrid plume case, α = 0.074. For comparison, direct estimates from the full simulations for α = (dQ/dz)/(8πM) 1/2 give values 0.079, 0.077, and 0.068 for cases O, H, and B, respectively. Similar estimates of γ M = (2BQ)/(dM 2 /dz) over 0 < z < 1.5 give 1.17 for case O and 1.30 for cases B and H. Despite differences in parameterization, the integral model formulation, explicitly accounting for the gas-phase slip velocity, reproduces the initial rise in buoyancy flux observed in both the pure bubble and hybrid plumes.
In addition to allowing best-fit parameter estimations, the full model simulations provide a means of checking basic assumptions in the integral model formulation. Beyond the primary entrainment assumption used to close the volume flux equation, the integral model derivation requires assumptions about (i) the self-similar shape of the vertical velocity and buoyancy fields and (ii) neglecting vertical turbulent transport terms in the evolution of the momentum and individual buoyancy flux contributions. In the single phase case, the total buoyancy flux evolution for stably stratified environments,
is exact in the absence of vertical turbulent fluxes. Direct computation of the validity of the assumption is shown for the single-phase plume in the top panel of Fig. 13 where the error given by dB T /dz + Q (solid) is found to be substantial, 20% of Q itself at z = 0.5. For consistency, the direct computation of the vertical turbulence flux 
V. CONCLUSIONS
Multiphase turbulent buoyant plumes set by different inlet forcing due to the presence of gas and/or oil phases are considered. A comparison of the dynamics of three plumes with identical inlet buoyancy flux but different buoyancy sources, namely, a pure bubble, a pure oil, and a hybrid case, is presented.
Three vertical length scales have been used to characterize the plumes in stratified environments, namely, the location where the mean axial buoyancy vanishes z eq , the location where the mean axial velocity vanishes or reaches its first minimum z max and the location where the far-field scalar concentration peaks z th . Results reveal that, as expected, the larger the amount of gas in the plume, the further z eq and z max are vertically shifted with respect to the single phase case. However, as the amount of bubbles increases, the location of the main lateral intrusion z th decreases. The opposite trend of on-axis (z eq and z max ) and far-field (z th ) characteristic heights on the inlet gas volume fraction is due to the significant changes in the downdraft velocity regions produced by the presence of a slipping gas phase. These changes significantly modify the turbulent mixing within the plume resulting in a reduction in the height of the inertial overshoot region (z max − z th ) and an increase in the thickness of the primary lateral intrusion of liquid phase effluent in both pure gas and hybrid gas-"oil" plumes.
Rough comparisons can be made between the present numerical experiments, where the total buoyancy flux is held constant and the gas contribution varied, and pure gas bubble plume experiments for varying slip velocities. 23 Experimental results indicate that the trapping height, z th , is relatively independent of the non-dimensional slip velocity for U N 2 but decreases with increasing U N . On the other hand, the peeling height h P (comparable to z max ) initially grows with U N , reaches a maximum at U N ≈ 2, and then decays. This behavior is explained by the intensification of the downdrafts as the bubbles slip faster for U N 2. Eventually for larger values of slip velocity, the bubbly core is too narrow and loses its ability to support the plume resulting in a decay in h P . The values of z th and z max for the current bubble plume compare well with the average values of trapping and peeling heights (shown in parenthesis in Table III) reported by Socolofsky and Adams 23 for the experiments at U N < 0.8. Other quantities typically reported in double plume model studies are the fraction of tracer peeled for the first intrusion f * and the non-dimensional first lateral intrusion flux Q th ≡ Q i /(B 3 N −5 ) 1/4 . The current work values shown in Table IV also compare well with those reported by Socolofsky and Adams. 23 While the fraction of the injected dye in the hybrid plume is closer to that found in the oil plume ( f * = 1), the main lateral intrusion volume flux is similar to that for the pure bubble case. The values of z th , z eq , f * , and Q th for the hybrid case more closely match those of the pure bubble case than the single-phase plume.
For fixed input buoyancy flux, standard plume metrics (characteristic vertical scales, peeling fraction of injected dye, and lateral intrusion volume flux) do not appear to vary linearly with the inlet gas volume fraction. Model results show that the hybrid plume, with only 50% of the inlet bouyancy carried by the gas phase, is significantly closer to the pure bubble plume than to the single phase case. Relatively small values of gas volume fraction may lead to significant changes in the dynamics and overall shape of the plume. Following standard approaches, closed equations for radially integrated volume, momentum, and buoyancy fluxes have been derived from the governing model set. The resulting integral equations directly account for gas-phase slip velocity via the same self-similarity arguments typically employed to close the momentum flux balance. Direct comparisons of the integral model solutions with the full simulations show general agreement for all cases using typical values of the model input parameters. In particular, the modified integral model reproduces the initial overshoot in gas-phase buoyancy flux produced by the slip-velocity. The comparisons also indicate that primary errors are introduced in the integral formulation by neglecting vertical turbulent transport terms in the evolution of individual bouyancy flux contributions.
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